Abstract: A full-vectorial multidomain spectral method (MDSM) for optical modal analysis is developed and presented. The formulation is based on considering the coupling between the transverse magnetic (TM) field components as the other electromagnetic components can be calculated directly from them. The method is meshfree where Chebyshev polynomials are used to expand the components in the internal domains and tempered exponential sets are used for the external domains. Practically, the presented method is applicable to 3-D optical-waveguide structures that are invariant in one direction. The field profiles are expanded by 1-D preselected basis functions with variable expansion coefficients. The presented method is used to study different waveguide structures and exhibits superior performance in time and accuracy and highly agrees with the published results obtained by various methods. The presented method computations are very fast when compared with the conventional mesh-based methods. To have the same accuracy, the required number of unknowns in MDSM is orders of magnitude less than those needed by finitedifference and finite-element methods.
Introduction
Accurate quantitative computation has become an essential part in both academia and industry. Obviously, more requirements and demands are expected with time. As the size and the complexity of numerically studied problems grow, it becomes clear that mesh-based computational requirements are becoming expensive and prohibitive, and this leads to seeking alternatives. One of the promising emerging alternative numerical methods is multidomain spectral method (MDSM). In spectral methods (SMs), the unknown functions are approximated by expansion using a preselected basis sets. To avoid the Gibbs phenomenon, the computational window in MDSM is divided into domains where the structural parameters are essentially smooth in each domain and the discontinuities lie at the boundaries. The implementations in each domain are then joined together by applying the proper boundary conditions [1] - [4] .
SMs are not new but were dominated for a long time by the versatile yet computationally expensive mesh-based finite-difference and finite-element methods (FDM/FEM). They have been used regularly in fluid dynamics and solid deformation analyses for more than two decades. Just recently, they were introduced to and used for other fields. In optoelectronics, they are used to analyze optical waveguides [3] , [5] - [9] , wave propagation [10] , [11] , quantum structures [2] , [12] , and photonic crystals [13] . Alharbi and Scott [3] introduced a full basis expansion MDSM formulation based on mode matching, dimension reduction, and transfer matrix techniques to analyze scalar modes in optical waveguides. In this paper, the same method is extended into fullvectorial formulation.
In the next section, the mathematical foundations are presented and discussed. This is followed by the numerical formulation. Then, the presented method is applied to different optical-waveguide structures. For validation, the results are compared with published data. The comparison reveals clearly the accuracy and efficiency of the presented method. The computation is very fast when compared with the conventional mesh-based methods. To have the same accuracy, the required number of unknowns in MDSM is orders of magnitude less than those needed by FDM and FEM. Timewise, the presented method is iterative, and each iteration lasts about 20 ms and around 20 iterations are needed to have a convergence to the fifth decimal. The used basis sets are Chebyshev polynomials for bounded domains and predefined exponential sets [14] for the halfbounded domains.
Mathematical Foundation

The Structure
As aforementioned, this paper is an extension of a previous work, and hence, the same computational window decomposition is used and the same constraints are applied [3] . The method is applicable for 3-D structures that are invariant in one direction. This direction is assumed to be the z-axis, and this allows representing any field as follows:
where n eff;pq is the effective index of the pth mode at the angular frequency ! q , and k q is the freespace wavenumber at ! q . The presented method finds the coupled electromagnetic-field (EMF) components F pq and their corresponding effective indexes n eff;pq . Since the modes are found separately, the subscripts p and q will be omitted for the remaining of the paper. The cross section of the structure is divided into M regions in such a way that, in each region, the structure function is invariant in another direction. Then, the regions are divided into homogeneous N layers. Fig. 1 shows how the computational window is divided into domains where the dielectric properties are constant in each domain. Cartesian coordinates are assumed and used in this paper. Any other 2-D system can be used as well.
EMF Components' Coupling and the Required Base Components
The presented method is full vectorial where it accounts for couplings between EMF components. We do not need to solve for all the six EMF components simultaneously to account for these couplings. From Maxwell's equations in source-free nonmagnetic medium
where E is the electric field, H is the magnetic field, 0 is the free-space permeability, and n is the complex refractive index. It is clear that, if the E components ðE x ; E y ; E z Þ are known, the H components ðH x ; H y ; H z Þ can be calculated straightforwardly and vice versa. So to account for coupling, either the three electric or the three magnetic components can be used as the base components. Furthermore, this can be reduced further into two base components only for modal analysis. From the last of Maxwell's equations in source-free medium (Gauss's law for magnetism)
and from the field form (1), which implies that, for each mode
it can be shown that (4) is reduced to
Therefore, if H x and H y are known, H z can be calculated straightforwardly. The same thing can be applied as well to the E components. In this paper, H x and H y are used as the base components.
Governing Equation and Boundary Conditions
Since each domain is homogeneous, the governing equation within each domain, which is based on harmonic wave expansion for any EMF component, is simply Helmholtz equation. By applying the harmonic solution form (1) for each mode, the governing wave equation for the mnth domain becomes
where " ðmnÞ is the dielectric constant in the mnth domain, and is either x or y . Within each region, the boundary conditions of the base components and its first derivative are applied across the horizontal interfaces. The domain above any horizontal line is denoted by n (from north), and the one below it is denoted by s (from south). For the base components, since the presented formulation is developed for nonmagnetic medium, they are continuous. So
For the first derivative conditions, the continuity of H z and E z are applied. From (7), it is clear that
Also, from (3), it can be shown that
The vertical interfaces conditions are considered next. By considering the used structure decomposition, each domain is set to interface with at least one another domain along the x -axis. These domains are matched in their vertical extensions. So, the domain to the left of any vertical line is denoted by w from west, and the one to the right it is denoted by e from east.
For the base components, since the presented formulation is developed for nonmagnetic medium, the magnetic-field components are continuous. So
Also, the continuity of H z and E z are applied for the first derivative conditions. So
Numerical Formulation
Basis Sets and Moments Matrices
In the mnth domain, the base components H x and H y are expanded as follows: 
where P nl is the preselected basis set. The basis set is independent of the region as the same set is used in all the horizontally adjacent domains. In this paper, Chebyshev polynomials are used for bounded domains, and the preselected basis sets are used for half-bounded domains [14] . To match the real dimensions with the basis sets' spaces, direct linear coordinate transformation is used. c are the unknown expansion coefficients, and they are set as functions of x . Based on this expansion form, the following matrices are defined and will be reused routinely in the remaining of the paper. They are defined according to their scalar product elements
where w ðy Þ is the weight function associated with the selected basis sets. For Chebyshev basis set of the first kind polynomials, it is 1= ffiffiffiffiffiffiffiffiffiffiffiffiffi ffi 1 À y 2 p , while it is ffiffiffiffiffiffiffiffiffiffiffiffiffi ffi 1 À y 2 p for Chebyshev basis set of the second kind polynomials. For the predefined exponential basis set, the weight function is just 1.
MDSM Implementation
By applying the expansion forms [(17), (18) ] in the governing wave equation (8) 
for H y . By calculating the scalar products using the same basis set, the above two equation can be represented by the following matrix form:
where c 
Then, the wave equation of all the layers (of the above form) in the mth region are combined in one general equation as follows:
where 
Then, the horizontal interfaces conditions are applied. By using the expansion forms, i.e., (9) and (10), the boundary conditions become 
where y n is the transformed y -axis real space value and the interface between the mnth and mðn þ 1Þth domains in the mth region. This is applied to all the horizontal interfaces at the mth region. The resulted equations can be combined in the following matrix form:
Equations (26) and (34) are then combined in the following equation:
This differential system is overdetermined and can be solved by different approaches such as Tau method [4] , least square [15] , QR decomposition, and minimal perturbation [16] . In this paper, Tau approach is used in which the system matrices are squared by omitting some of the less populated rows that are not related to the boundary conditions. This reduces the rank of the matrices, and hence, the solutions are based on reduced sets of eigenpairs. They take the following form: These shall be found later by applying vertical boundary and initial conditions.
As done in the original scalar formulation [3] , the wave equation is solved in each region separately but with variable projection vectors since the initial conditions (of each region) are not applied yet. These initial conditions are applied later by considering the vertical interfaces between the regions and the fact that, for spatial modal analysis, the desired solutions are bounded for nonperiodic structures. This implies that no forward-traveling eigenvector in the first region or backward-traveling eigenvector in the last region exist. Then, the solution in each region is obtained completely.
The next step is to consider the vertical interfaces boundary conditions. They involved the base components and their derivative with respect to x . The conditions between adjacent domains were presented earlier, and by applying them and the expansion forms at x ¼ x mþ1 , which is the interface between the mth and ðm þ 1Þth regions, we get 
By calculating the scalar products using the same basis set, rearranging the resulted equations in matrix form, and combining the equations of all the domains around x ¼ x mþ1 , the above equations become 
Afterward, the same procedure used in the previous work for scalar field [3] is used with minor modification to include the U m matrices to link the solutions in all the regions. The same technique is also used to find the effective indexes n eff and their corresponding vectors. We refer the reader to that paper for the details.
Results and Discussion
Rib Waveguide
The first structure to be analyzed is of rib waveguide geometry, which is one of the geometries that are widely used in optical devices (see Fig. 2 ), and it is routinely used to compare and validate numerical methods. The parameters of the first studied rib waveguide are shown in Table 1 . This structure has been studied heavily for numerical methods comparisons [5] , [17] - [28] . Tables 2 and 3 show the results obtained for both quasi-transverse electric (TE) and quasi-TM fundamental modes, respectively, by this paper (see Fig. 3 ) and various full-vectorial methods; namely, FDM [24] , [26] , FEM [28] , hybrid FDM, and beam propagation method (BPM) [22] , mode matching method (MMM) [27] , [28] , and multidomain pseudospectral frequency domain (PSFD) [5] . The results are presented by the normalized propagation constant , where TABLE 2 Quasi-TE modes' normalized propagation constants for the first studied rib waveguides (Table 1) obtained by the presented full vectorial method (FV-MDSM) and the previous scalar version and other full vectorial methods Fig. 3 . Normalized propagation constant of the fundamental quasi-TE and quasi-TM modes supported by the first studied rib waveguide as a function of the rib height h.
TABLE 3
Quasi-TM modes' normalized propagation constants for the first studied rib waveguides (Table 1) obtained by the presented full vectorial method (FV-MDSM) and the previous scalar version and other full vectorial methods varies between 0 and 1 based on the relevant refractive indexes n core and n clad . The results for both modes agree remarkably and prove the validity and high accuracy of the presented method. In the MDSM analysis, Chebyshev bases to the sixth order are used in the inertial layers, and tempered exponential basis sets (13 bases) [14] , [29] are used in the external layers. In Fig. 2 , of the fundamental modes is shown as a function of the rib height h. Obviously, as h increases, the modes will have mode area to occupy in the core layer, and hence, increases with h. Figs. 4 and 5 show the profiles of jH x j and jH y j for both fundamental quasi-TE and quasi-TM modes, respectively for
Another rib waveguide is studied also to check the convergence. So, TE eff (see Fig. 6 ) and TM eff (see Fig. 7 ) are plotted as functions of N (where N is the number of unknowns for every EMF base component) and make a comparison with the results obtained using FDM [30] , FEM [28] , and MMM [28] . The parameters of the studied rib waveguide are shown in Table 4 , and the extrapolated values are shown as red lines. It is clear that all the methods converge. However, MMM and the presented MDSM, which are both meshfree, result in considerably faster convergence when compared with FDM and FEM.
Buried Channel Waveguide
The second structure to be studied is the buried channel waveguide, which is shown in Fig. 8 at  1 .55-m wavelength. For this structure, the calculated n eff are 1.510676 for the fundamental quasi-TE mode and 1.507918 for the fundamental quasi-TM mode. The profiles of these modes are shown in Figs. 9 and 10, respectively. [30] , FEM [28] , and MMM [28] . The extrapolated value is shown as a red line. TM eff versus N as obtained by this paper, FEM [28] , and MMM [28] . The extrapolated value is shown as a red line.
TABLE 4
Used rib waveguide parameters with varied rib height Fig. 8 . Structure of the first studied buried channel waveguide.
To check the convergence, n eff for the fundamental quasi-TE mode are plotted as functions of N (see Fig. 11 ) and make a comparison with the results obtained using FDM [19] , [23] , [31] and quadratic spline collocation (QSCM) [32] . It is clear that MDSM results in better convergence (two orders of magnitude) when compared with the other approaches.
Three-Dimensional Coupler
The last studied structure is a 3-D coupler (see Fig. 12 ). It was studied using various methods by Ivanova et al. [17] . The structure parameters are w ¼ 4 m, h ¼ 3 m, n s ¼ 1:506, and n c ¼ 1:512 at 1.32-m wavelength. Fig. 9 . Profiles of jH x j and jH y j of the fundamental quasi-TE mode supported by the studied buried channel waveguide. Fig. 10 . Profiles of jH x j and jH y j of the fundamental quasi-TM mode supported by the first studied buried channel waveguide. Fig. 11 . n eff of the fundamental quasi-TE mode versus N as obtained by this paper, FDM [19] , [23] , [31] , QSCM [32] . Table 5 shows the quasi-TE effective indexes for the studied 3-D coupler waveguide as obtained by full-vectorial and scalar MDSM methods and by the various methods used by Ivanova et al. [17] . As can be observed, the results of the different methods highly agree with each other. In MDSM Fig. 12 . Structure of the studied 3-D coupler.
TABLE 5
Effective indexes of the highest quasi-TE modes for the studied 3-D coupler waveguides obtained by the presented method and various previously published methods [17] analysis, five layers are used with eight bases in each layer. The calculated n eff values for all the modes converge to the sixth decimal place. In Figs. 13-16 , the real part of the amplitudes of the obtained quasi-TE modes is shown. 
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Conclusion
A new and efficient full-vectorial MDSM for optical modal analysis has been developed and presented in this paper. The formulation has been based on considering the coupling between the TMfield components as the other electromagnetic components can be calculated directly from them. The method is meshfree where Chebyshev polynomials have been used to expand the components in the internal domains and tempered exponential sets have been used for the external domains. Practically, the presented method is applicable to 3-D optical-waveguide structures that are invariant in one direction. The field profiles are expanded by 1-D preselected basis functions with variable expansion coefficients. The presented method has been used to study different waveguide structures and exhibits superior performance in time and accuracy and highly agrees with the published results obtained by various methods. The presented method computations are very fast when compared with the conventional mesh-based methods. To have the same accuracy, the required number of unknowns in MDSM is orders of magnitude less than those needed by FDM and FEM. The same fast convergence has been also obtained using MMM method [27] , [28] . This is a feature of meshfreemodal-expansion methods.
